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Abstract
A non-relativistic quantum mechanical model for interaction of dark
particles with matter is proposed; the model describes resonant ampli-
fication of effective interaction between two massive bodies at large dis-
tances between them. The phenomenon is explained by catalytic action
by a third dark particle scattered at a system of two heavy bodies. It is
shown that effective interaction between the heavy bodies is changed at
larger distances and can transform into repulsion contributing in that
case to the dark energy action.
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1 Introduction
As it is known, the dark matter problem arose from analysis of astronom-
ical data when considerable discrepancy between orbital velocities of stellar
objects at periphery of large galaxies compared to velocities calculated for
usual gravitational fields has been found (see, for instance, reviews in [8, 14]).
This phenomenon was explained by the dark matter action that resulted in in-
creased mass of such stellar objects. Discovered effect of gravitational lensing
considerably supported such assumption.
A particular obstacle was to provide experimental verification for existence
of the dark matter particles. Many candidates for such particles have been
proposed as well as several theories for their interaction with ordinary matter
were considered [1, 15]. Still, particles of dark matter have not been found.
Another problem was caused by relatively low density of dark matter inside
galaxies, where the theories [14, 15] predicted formation of dark matter clouds.
Present paper proposes a model for resonance amplification of interaction
between two astronomical stellar objects stimulated by additional interaction
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2with dark matter particles (hereinafter dark particles). In other words, it is
considered that the dark particles not just increase gravitational mass of stellar
objects, but, more importantly, do noticeably change effective interaction be-
tween the two heavy bodies. Such changes became distinguishable at specific
large distances between the heavy particles only.
We refer to the two heavy stellar objects as to a system of one massive
body located in a center of a galaxy and another stellar body located at the
galaxy′s periphery orbiting the center of the galaxy.
Resonant amplification of the effective interaction between the two heavy
bodies imitates increase in their mass while their true gravitational mass does
not change at that. Such increased interaction results in more pronounced
gravitational lensing of the bypassing light. So, the model can describe main
effects and phenomena of the dark matter problem.
For simplicity, we consider the task in the non-relativistic case. Our con-
siderations below are presented within the quantum-mechanical theory of the
three-body scattering. Scattering of a dark particle at the system of two heavy
bodies is considered. The heavy bodies in our considerations are massive stel-
lar objects as described above and a dark particles has a negligibly small mass,
for example, in compared with the electron mass.
We propose a simple potential model for interaction of a dark particle
with a massive body; such approach allows solving the three-body problem
analytically. These solutions distinctly demonstrate the resonance dependence
of the effective interaction between two massive bodies on distance between
these bodies.
So, at relatively small distances the catalytic amplification is negligibly
small and effective interaction here coincides with direct (gravitational) in-
teraction between the heavy bodies. At higher distances, catalytic action of
the dark particles increases, and effective interaction of the heavy bodies also
increases. At even larger distances, catalytic action can reverse and, instead
of attraction between the heavy bodies, cause their repulsion. This to certain
degree can imitate dark energy action.
In reality, the nature of interactions between dark particles and a heavy
body can be more complex and the catalytic action may happen to be far from
simple.
2 Model quantum-mechanical scattering prob-
lem for a three-body system
Let us assume that the dark particles do not interact with each other. This
simplifies the problem. Of course, we must take into account that it is necessary
to consider the flux of particles per unit time, the total action of which is
3accepted here as the action of a single particle, taken with a certain energy
and momentum. We would also not consider the three-body type forces.
Solutions for scattering amplitudes in the three-body problem are based on
solutions for scattering amplitudes in two-body subsystems [5,6]. For simplic-
ity, let us set the pair interaction of a dark particle with a heavy body by a
potential in separable form.
The task therefore is reduced to determination of interaction in a system of
three bodies: two heavy ones interacting gravitationally and one dark particle
interacting with each of the heavy bodies.
Another simplification will be related to utilization of the Born-Oppenheimer
approximation which leads to the three-body problem solution in analytical
form [16]. Such approximation can be used here since the mass ratio of the
dark particle and the heavy body is extremely small.
Let us take the potential of two heavy body interaction in non-relativistic
limit and take its dependence on distance same as of coulomb interaction, for
simplicity. In non-relativistic quantum mechanics the Hamiltonian H of heavy
body with mass M in Newtonian gravitational field is given by:
Hˆ = − h¯
2
2M
∇2 +MΦG(~r) , (1)
where ΦG(~r) is Newtonian gravitational potential at distance r. With no mag-
netic fields presented, this equation is the same as Schrdinger equation and
the gravitational potential ΦG(~r) is the same as for the classical field [7]. The
equation (1) can be generalized by inclusion of additional non-Newtonian forces
(see, for example in [3, 7]). In the present paper we choose the simplest inter-
action to clearly reveal the resonant amplification of the effective interaction
between the heavy bodies.
The Faddeev equations [5, 6] are the key to solve the three-body scatter-
ing problem. When a system of two heavy bodies and one dark particle is
considered, these equations in combination with the Born-Oppenheimer ap-
proximation lead to simplification of the initial equations. At that, for a set of
model pair potentials the solutions can be obtained analytically what makes
the math better comprehended.
Additional amplification of interaction between the heavy bodies due to
their interaction with the dark particle is determined. This third particle acts
as a catalyst particle (some comments in [10]). Unlike regular pair interaction
between heavy bodies, the additional effective interaction can resonantly in-
crease at certain distances between the heavy particles at certain impulse of
the dark particle. Let us call such certain distances the resonant ones.
The amplification or additional forces decrease abruptly at distances con-
siderably less or, on the contrary, larger than the resonant distance. As a
result, regular spatially monotonous pair interaction forces become dominant
again [16, 17].
43 A model for potential between a dark par-
ticle and a heavy body
Let us use a system of units where c = 1, h¯ = 1. We also assume that energy of
a dark particle is small, i.e. we deal with non-relativistic particles. Interaction
of the dark particle and the heavy body in separable form can be described as:
VDH = |ν > λDH < ν| . (2)
Here λDH is the coupling constant, the DH subscript denotes interaction of the
Dark particle and the Heavy body. Then, based on the Lippmann-Schwinger
equation
TDH = VDH + VDHG0(E)TDH , (3)
where G0(E) - is the free Green
′s function of system; one can get the solution
for the TDH-matrix also in separable form:
TDH = |ν > ηDH(E) < ν| , (4)
η−1DH(E) = 1/λDH + I(E) , (5)
I(E) = −
∫
d~p
ν2(p)
E − Es + iγ . (6)
E = p20/2µ, Es = p
2/2µ, µ - denotes reduced mass of the pair. Here-
inafter we use the following normalization: d~r = r2drd(cos(θ)dϕ, but d~p =
p2dpd(cos(θ)dϕ/(2pi)3.
For simplicity, let us consider the S-wave and the potential form-factor in
the form:
ν(p) = NDH
t
1 + t2
(7)
where t = p/β, N2DH = 4pi/(µβ); we get (t0 = p0/β, β - potential parameter)
I(E) = I(t0) =
1− 2it0
(1− it0)2 . (8)
We have to normalize I(t0 = 0) = 1 to make the coupling constant to be
dimensionless. Then, λDH < 0 would correspond to the attraction forces. For
−1 < λDH < 0, the amplitude pole corresponds to the virtual level, and for
λDH < −1 it corresponds to the bound state since for t0 = iτ , τ = −(1+λDH).
Here and below λDH is real by definition.
The value ηDH is frequently referred to as an amplification coefficient to
highlight the similarity between the potential and the TDH-matrix forms as
well as the dependence of ηDH on the initial energy of the pair.
5In the case of λDH > −1 we would have no bound states in the system of
a dark particle and a heavy body. Note, in the case of −1 < λDH < −1/2 the
solutions for the two-body amplitude can be presented in Breit-Wigner form.
Our goal is to determine the behavior of the effective interaction between
the heavy massive bodies as a function of the distance between them.
4 Scattering of a dark particle on a pair of
heavy bodies
Mathematically rigorous solution of the three-body problems was provided
by L.D. Faddeev [5]. Faddeev equations for components of the three-particle
T -matrix can be written as [6]:
Tij(E) = Tiδij + TiG0(E)
∑
l 6=i
Tlj(E), i, j = 1, 2, 3 (9)
where Ti = Vi + ViG0(E)Ti, Vi are pair interaction potentials and Ti - their
corresponding pair T -matrixes, δij - Kronecker delta. Usually for conciseness,
the interacting pair of particles is denoted by the number of the third particle.
The complete T -matrix would correspond to the sum: T =
∑
Tij. The index
i in Tij stands for the number of the pair which interacts last at the left
asymptotic, i.e. corresponds to the number of a particle which first escapes
the interaction region. Similarly, the index j denotes the number of the pair
which interacts last at the right asymptotic.
Let us first solve the problem taking into account interaction of a dark
particle with the heavy body: at this stage we assume that there is no pair
interaction between the two heavy bodies. The pair of heavy particles is de-
noted with 1. Two other subsystems with one dark and one heavy body are
denoted by i, j = 2, 3, i.e. i, j 6= 1. Their potentials are taken in the separable
form (2).
Related components Tij with non-connected and connected parts can be
written as [16]:
Tij = Tiδij + |νi > ηiMijηj < νj| , (10)
and transferred into the matrix equations for Mij
Mij = Λij +
∑
l 6=1
ΛilηlMlj , (11)
where Λij =< νi|G0|νj >, j 6= i. It is important that the diagonal elements of
this matrix are identically equal to zero, i.e. Λii ≡ 0. This peculiarity of the
Faddeev equations assures compactness of the core of the integral equations
[5,6,9].
6Let us consider a limiting case when m/M → 0, where m - mass of a dark
particle and M - mass of a heavy body. In this limit the total energy of the
system is E = p201/m, where ~p01 = ~p0 - initial momentum of the dark particle.
Pair interactions between a dark particle and heavy bodies would not depend
on momentums of the heavy particles < ν2|~p >→ ν(~p), < ν3|~p >→ ν(~p), where
~p1 = ~p. Correspondingly, η2 = η3 → η(p0) would also be the functions of initial
momentum of the dark particle.
The value Λij takes the form:
Λij = 2m
νi(~p)νj(~p)
p20 − p2 + iγ
= f(~p, p0) , i 6= j , (12)
here ~p = ~p1 = −~pi − ~p′j. We denote with the prime the variables of heavy
particles at the reaction outlet; those without a prime at the reaction entrance.
Λij can be written in the form:
Λij(~pi, ~p
′
j) =
∫
d~r exp(i~r~pi)Jij(~r) exp(i~r~p
′
j) , (13)
where
Jij(~r) =
∫
d~p exp(i~r~p)f(~p; p0) . (14)
Similar transformation for the amplitude gives us:
Mij(~ri, ~r
′
j) =
∫
d~r′′δ(~ri − ~r′′)[Jij(~r′′)δ(~r′′ + ~r′j) +
∑
l=2,3
Jil(~r
′′)ηl(p0)Mlj(−~r′′, ~r′j)]
(15)
Since δ-functions call off the integration in the right part of (15), the equa-
tion for Mij(~r, ~r
′) takes a simple form:
Mij(~r, ~r
′) = Jij(~r)δ(~r + ~r′) +
∑
l=2,3
Jil(~r)ηl(p0)Mlj(−~r, ~r′) . (16)
Moreover, δ-functions in (15) give the equalities: ~ri + ~r
′
j = 0 if i 6= j, and
~ri − ~r′i = 0. It means that ~ri and ~r′j are counted from the center of symmetry
between the positions of the heavy bodies. In this case for ~r and ~r′ the indeces
i and j can be omitted.
The solutions can be written in a convenient form [16]:
M(~r, ~r′) = M+(~r)δ(~r + ~r′) +M−(~r)δ(~r − ~r′) , (17)
where
M+(~r) =
∑
l
[I −K(~r)η(p0)]−1il Jlj(~r) , j 6= i , (18)
M−(~r) =
∑
l
[I −K(~r)η(p0)]−1il Kli , (19)
7and
[K(~r)]ij = Kij(~r) =
∑
l
Jil(~r)ηl(p0)Jlj(−~r) . (20)
Here we note that in our three-body problem we deal with two variables:
p0 − initial momentum (wavenumber) of the dark particle and r = d/2 (d −
distance between the heavy bodies).
5 Oscillating interaction between two heavy
bodies
In this section we denote with index φ the solutions and interactions in the
three body system, but with the V1 potential excluded. We also introduce
notations Vφ =
∑
Vi, where i = 2, 3, and Gφ - Green
′s function, and |Φ > -
wave function for this system. The solutions are determined in (17) - (20).
Now one can move forward to solve a problem with inherent pair interac-
tion between heavy particles taking into account the potential V1. The pair
potential V1 acts directly between the two heavy bodies of the system. The
Lippmann-Schwinger equation for scattering at two potentials can be written
as follows [9, 10]:
|Ψ >= |Φ > +GφV1|Ψ > , (21)
where Ψ(~r) - total wave function for a system of three particles. This symbolic
equation is a short form of the system of equations in matrix form similar to
the Faddeev equations. The first term in (21) at right discribes the resonant
behaviour, but without direct interactions between two heavy bodies.
Since
Gφ = G0 +G0TφG0 , (22)
where Tφ is the matrix with the components as in (10), we can rewrite (21) in
a symbolic form
|Ψ >= |Φ > +G0(I + TφG0)V1|Ψ >= |Φ > +G0Vef |Ψ > , (23)
where
Vef = (I + TφG0)V1 . (24)
This effective potential corresponds to the distorted potential V1
Vef = V1 +
∑
i,j=2,3
|νi > ηi(δij +Mijηj) < νj|)G0]V1 . (25)
It then follows that the effective potential as long as the amplitude Mij(r)
would depend resonantly on both distance between the heavy particles and
energy of the dark particle.
8Figure 1: Real and imaginary parts of ξ(t0, ρ); λDH = −0.95; the resonance at
ρ ≈ 2.65.
In order to compare the interaction potentials V1 and Vef , acting between
the two heavy bodies, it is necessary to record the first potential in the three
particle representation. For this purpose, V1 can be supplemented with Born
interaction of the dark particle. A similar addition should be made for the
second potential - Vef . Then the ratio of these quantities, written in the form
ξ =
< Ψ0|ViG0VefG0Vi|Ψ0 >
< Ψ0|ViG0V1G0Vi|Ψ0 > =
< νi|G0VefG0|νi >
< νi|G0V1G0|νi > , (26)
will lead us to the result of the interaction between heavy bodies due to par-
ticipation of an additional dark particle.
Accordingly, the enhancement factor will be equal to:
ξ = 1 + I(t0)ηi(δij +Mijηj) . (27)
This important outcome demonstrates that the interactions with the third
particle can substantially change the character of forces acting between the
heavy bodies.
Figures 1 and 2 show the behavior of real and imaginary parts of the
enhancement factor ξ = ξ(t0, ρ) for λDH = −0.95.
Following the model in Section 4 above, one can get for Jij(~r):
Jij(~ρ) =
exp(−ρ)(1− 2/ρ)
1 + t20
− 2
ρ
exp(−ρ) + t20 exp(it0ρ)
(1 + t20)
2
, (28)
where dimensionless variables ~ρ = ~rβ and t0 are introduced.
It is necessary to note that location of the amplitude pole M±ij (~ρ) on the
ρ, t0 plane would change depending on the coupling constant λDH (Fig. 3).
But the key factor here is the resonant dependence of the amplitudes M±ij (~ρ)
on distance between the heavy particles.
It is important that the resonances take place not only when distance be-
tween the heavy bodies varies, but when the dark particle wavenumber changes
9Figure 2: The solid line shows the real part of ξ, while the dotted line shows
the imaginary part of (−ξ): A) as function of t0 at fixed value of ρ = 2.6;
B) as function ρ for a fixed value of t0 = 0.12; the resonance at ρ ≈ 2.65;
λDH = −0.95.
p0 = t0β. It means that even at resonant distances the resonance takes place
only at certain wavenumber values of the dark particles. This is a distinguish-
ing feature of resonances in quantum-mechanical few-body systems as regards
the continuum.
Such phenomenal behavior of the effective interaction between the heavy
particles is due to three-particle quantum-mechanical effects.
Here one should note that the described above model can potentially help
explaning phenomenological interactions at galactic scales.
Let us assess the characteristic distances. For example in our model, reso-
nance takes place at the following parameters: λDH = −0.95, ρ = r · β = 2.5.
Assuming that the distance between the massive bodies is about r ≈ 2.5 ·
Figure 3: Real and imaginary parts of ξ(t0, ρ); λDH = −0.97; resonance regions
at ρ ≈ 3 and ρ ≈ 20.
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1022cm, one can get β ≈ 10−22cm−1 and p0 ≥ 10−23cm−1.
Then, taking into account the resonant behavior of the effective interaction
at such distances (see Fig. 2), one can get from (27) the following multiplica-
tion of the interaction potential for the factor: ξ ≈ 100 at ρ = 2.5.
So we can say that exchange dark particle flux between heavy gravitating
bodies acts like the dark matter. The orbital velocity of the peripheral body
becomes higher than that at normal gravity owing to the enhancement factor.
Moreover this flux would glue up these two heavy bodies and, with respect to
other particles and fields (gamma quanta, for instance) such a system would
appear as a single object. The system would have the effective mass much
higher than its own mass.
It is quite possible that such mechanism can contribute to gravitational
lensing of electromagnetic radiation.
It is remarkable that the enhancement factors can be negative at certain
values in the case of two-body attractive potentials (see Figs 1−4). For
example, in the case of λDH = −0.95 we have ξ ≈ −80 − i · 50 at ρ = 2.85 .
Then the resulting potential between two heavy bodies looks like a repulsive
force. Here the question arises - to what extent can this potential also simulate
the action of dark energy?
Fig. 4 shows the dependence of Ξ(ρ) on ρ at λDH = −0.95. Ξ(ρ) is the
overall result of ξ(t0, ρ) on the interval 0.001 < t0 < 0.6.
The opposite example is given in Fig. 5 that demonstrates ξ = ξ(t0, ρ)
values in the case of repulsive potential between the dark particle and heavy
body (λDH = 10).
6 Discussion
In the proposed paper we consider a region of the continuous spectrum (con-
tinuum). Coupling constant is taken as λDH > −1, so the bound states in the
pair of the dark particle and the heavy body does not arise. Moreover, we con-
sider the reverse limit when the interaction radius of DH−forces is taken large,
but its ratio to the scattering length remains unchanged ∼ (1 + 1/λDH)−1.
The direct gravitational interaction between two heavy bodies in the model
is complemented by interaction with the third dark particle (or a flow of dark
particles in order to be more exact). This additional interaction has a specific
resonant behavior as a function of the distance between the heavy bodies. The
resonant behavior of the effective potential implies its significant increase at
certain distances between these bodies.
The figures 1−4 show that the strengthening of effective interaction occurs
at certain distances between the heavy particles while at other distances we
observe sharp decrease or even repulsion. This particular fact reveals a certain
similarity in the action of such effective potential and dark matter.
11
Figure 4: Real and imaginary parts of Ξ(ρ); λDH = −0.95.
As it follows from the analysis of astronomical observations, dark matter
in dwarf galaxies appears to be quite small [12, 13], but its effect is huge in big
galaxies [11, 14]. I.e. dark matter is stronger between massive bodies located
in the center and on the periphery of a galaxy in large enough galaxies.
Here, we assume that the ensemble of heavy particles in a distant star
should be considered as a single massive body, as well as an ensemble of heavy
particles in another massive body located in the center of the galaxy. These
massive bodies will interact with each other not only via gravity but also
through exchange flows of dark particles.
There is another important fact. Ultra-cold dark particles, apparently can-
not be registered in terrestrial environments. Indeed, the corresponding wave-
lengths are large or even of galactic dimensions. These dark particles do not
form bound states with other particles and massive objects. Their impact will
be insignificant within the Earth and the Solar System [13].
However, the effect of these particles within large galaxies may already
be quite noticeable. Strengthening of effective attractive forces will alter the
orbits of massive objects in such galaxies.
At even greater distances than the galactic ones, this model provides effec-
tive repulsive forces. It requires further investigation to understand how this
effect simulates the dark energy action.
Of course, this model of pair interaction is very simple and can be improved.
For example, one can also include in a consideration P -wave and high waves,
and several kinds of dark particles. Accordingly, the sum interactions will be
more complex.
12
Figure 5: Real and imaginary parts of ξ(t0, ρ); λDH = 10.
7 Conclusion
The effect obtained within the proposed model imitates the dark matter am-
plification of interaction forces at very large but definite distances.
The important feature of the resonant amplification is its selectiveness.
The effect is negligible at distances much less or, vice versa, much greater than
the resonance distances. This resonant amplification is based on well-known
quantum-mechanical considerations and, in particularly, on the quantum con-
siderations of few-body interactions.
We hope that application of these theories and methods in physics of super-
large distances will also be fruitful and exciting.
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